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We investigate theoretically the interplay of proximity effects due to the presence of a supercon-
ductor and normal ferromagnetic leads on the formation of the spintronic quadrupolar exchange field
in a large-spin molecule. We show that the spintronic anisotropy can be enhanced by a few orders of
magnitude, and tuned by changing the strength of coupling to the superconductor. Especially large
anisotropy is generated in the vicinity of the charge parity changing transition of the molecule. We
also provide predictions of measurable spectral properties being the hallmarks of these phenomena.
I. INTRODUCTION
Devices based on large-spin (S > 1) nanoscopic sys-
tems (e.g., adatoms [1, 2], molecules [3–5] or engineered
quantum-dot structures [6, 7]) hold promise to become
crucial components of electronic and spintronic circuits.
The behavior of a spin-degree ground multiplet in such
a device is captured by the effective Hamiltonian [8],
Hˆeff = BSˆz +DQˆzz. (1)
Here, the first term represents the effect of a magnetic
field B on the component of the total spin along the
z-axis, Sˆz. The second term, on the other hand, de-
scribes uniaxial magnetic anisotropy (quantified by a con-
stant D) associated with a diagonal, zth component of
the spin-quadrupole moment tensor,
Qˆzz ≡ Sˆ2z − S(S + 1)/3. (2)
Note that all quantities and parameters are set in
units of energy, that is, ~ = |e| = kB = 1. Important-
ly, for D < 0, this anisotropy leads to formation of
the energy barrier ∆E for spin reversal between two
metastable states |±Sz〉, see Fig. 1(a)—the prerequisite
for a magnetic bistability, indispensable for applications
in information-processing technologies [9–11]. In an elec-
tronic circuit, B corresponds then to an externally ap-
plied magnetic field, while D stems from the intrinsic
spin-orbit interaction in the device [12]. However, in
a spintronic circuit, where electronic transport is spin-
polarized, both B and D can be entirely generated spin-
tronically in the form of effective dipolar [13–16] and
quadrupolar [17–19] exchange fields, respectively—here,
also referred to as ‘spintronic fields’. As a result, both
the magnetic anisotropy of the device and its spin state
can be on demand controlled in a fully electrical manner.
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The success of this approach hinges on the possibility of
tuning and inducing significantly large spin-reversal bar-
riers, which in the case of intrinsic magnetic anisotropy
can be relatively small and hardly fine-controllable [20].
In this paper, we propose how to boost this barrier by
orders of magnitude and control it with the aid of the su-
perconductor (SC) proximity effect. Hybrid nanostruc-
tures involving molecules or quantum dots attached to
normal and SC electrodes are nowadays attracting a con-
siderable attention [21, 22]. Such systems enable the ex-
ploration of Yu-Shiba-Rusinov states [23–25] by means of
Andreev spectroscopy [26–28] and have proved useful for
solid-state-based generation of entangled states by split-
ting the Cooper pairs [29, 30]. Moreover, the supercon-
ducting proximity can strongly influence the transport
properties of hybrid devices, especially in the strong cor-
relation regime, and generate a quantum critical behav-
ior [31–33]. Here, we focus on a new aspect of SC proxim-
ity, namely, we unveil its beneficial impact on spintronic
magnetic anisotropy in molecular systems. To demon-
strate this impact, we consider a prototypical hybrid
device consisting of a large-spin, intrinsically isotropic
molecule
superconductor
SC
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Figure 1. (a) Example of an energy spectrum for a model
system with the ground spin-multiplet S = 3/2 and uniax-
ial spintronic anisotropy D < 0. (b) Schematic of a SC-
proximized large-spin molecule [with a molecular level (ML)
occupied by a single electron] connected to two metallic fer-
romagnetic leads. For details see the main text.
ar
X
iv
:1
81
1.
12
73
3v
2 
 [c
on
d-
ma
t.m
es
-h
all
]  
2 J
ul 
20
19
2molecule1 embedded into a magnetic tunnel junction and
proximized by a SC, see Fig. 1(b). Employing the numer-
ical renormalization group (NRG) approach [34], elec-
tronic transport through such a device is investigated
reliably in a broad range of tunnel couplings between
the molecule and the junction. We show that the spin-
tronic anisotropy can be controllably tuned by changing
the strength of coupling to the superconductor. In par-
ticular, we predict an enhancement of anisotropy by a few
orders of magnitude due to the SC proximity for param-
eters tuned around the transition between two different
ground states of the molecule. In general, the mecha-
nism underlying such a large enhancement of the induced
magnetic anisotropy can be attributed to a strong renor-
malization of Coulomb correlations in the molecule due
to the superconducting proximity effect—for detailed ex-
planation see Sec. IV.
We believe that our work sheds new light on the
unexplored aspects of the interplay of superconducting
and ferromagnetic proximity effects in transport through
large spin molecules. In particular, it opens new per-
spectives for manipulating the properties of magnetic
molecules, which are indispensable for applications in fu-
ture information storage technologies and molecular spin-
tronics.
To make the main message of the paper more evi-
dent, we organized it as follows. After the introduction,
the model and the methods used for its solution are ex-
plained in Sec. II. Then, the most relevant consequences
of the ferromagnetic and superconducting proximity ef-
fects are discussed in Sec. III and Sec. IV, respectively,
and the results concerning the giant induced anisotropy
are given in Sec. V. Finally, we extend our analysis to
a few more general cases and show that the qualitative
understanding of the results presented in Sec. V remains
valid. Specifically, these cases include different values of
the molecule’s spin (Sec. VI) and the analysis of the ex-
ample of an intrinsically anisotropic molecule (Sec. VII).
After concluding the paper in Sec. VIII we also extend
the main results in the Appendices. The exact energies
and eigenstates of the system in the limit of a molecule
decoupled from the normal leads are analyzed in Ap-
pendix A. In Appendix B we discuss the local spectral
density of the relevant molecular level in the full range of
energies, commenting the features irrelevant for the anal-
ysis of the spintronic anisotropy, and thus, not addressed
in the main text. Finally, in Appendix C we describe in
detail the complementary theoretical approach used for
calculating the induced anisotropy, which does not resort
to the examination of the spectral features.
1 For the case of a molecule with an intrinsic component of uniaxial
magnetic anisotropy see Sec. VII.
II. THEORETICAL DESCRIPTION AND
METHOD
A large-spin molecule is modeled as composed of two
parts [35]: a magnetic core (represented as an effective
spin Sˆc) and a single molecular level (ML), which me-
diates transport of electrons between the leads. The
ML can be occupied by up to two electrons, which is
accounted for by the Hamiltonian
HˆML = ε
∑
σ
nˆσ + Unˆ↑nˆ↓. (3)
Here, nˆσ ≡ dˆ†σdˆσ is the occupation operator for an elec-
tron of spin σ, whereas ε and U stand for single-
occupation and Coulomb energies, respectively. Further-
more, it is assumed that if an electron resides in the ML,
its spin sˆ ≡ (1/2)∑σσ′ dˆ†σσσσ′ dˆσ′ [with σ ≡ (σx, σy, σz)
denoting the Pauli matrices] couples via ferromagnetic
exchange interaction J > 0 to the core spin Sˆc, so that
the total spin of the molecule reads as Sˆ ≡ Sˆc + sˆ. Fi-
nally, the molecule is considered to be proximized by
a SC lead [depicted in Fig. 1(b) as a shaded region],
with the relevant coupling strength ΓS. Such proximized
molecules, impurities or quantum dots have been already
extensively studied and their properties are qualitatively
captured by the effective Hamiltonian in the large-gap
limit [33, 36–38]
Hˆmol = HˆML − JSˆc ·sˆ− ΓS
[
dˆ†↑dˆ
†
↓ + h.c.
]
. (4)
It describes correctly the emergence of a pairing poten-
tial for two electrons occupying ML through the last term
in Eq. (4), as well as the renormalization of the molec-
ular states and energies resulting from ΓS > 0. It also
allows for calculation of Andreev bound states energies;
see Appendix A, and even more importantly, reproduces
Yu-Shiba-Rusinov impurity physics [28].
Next, the normal leads [q = L(eft),R(ight)] of the junc-
tion are described as reservoirs of spin-polarized, non-
interacting itinerant electrons,
Hˆleads =
∑
qkσ
εqkσ cˆ
q†
kσ cˆ
q
kσ. (5)
The operator cˆq†kσ (cˆ
q
kσ) creates (annihilates) a spin-σ elec-
tron with energy εqkσ and momentum k in the qth lead.
Tunneling of electrons between leads and the molecule is
captured by
HˆT =
∑
qkσ
√
Γqσ
piρ
[
cˆq†kσdˆσ + H.c.
]
, (6)
where Γqσ denotes the spin-dependent hybridization func-
tion. In addition, a symmetric and flat conduction band
within the range [−W,W ] is assumed in both leads, with
the constant density of states ρ = 1/(2W ). Assuming
the left-right coupling symmetry, the tunnel-coupling to
3two transport leads can be reduced at equilibrium to
a single-channel problem [39] with a new effective hy-
bridization Γσ = Γ
L
σ + Γ
R
σ . Since the primary focus of
this paper is on the formation of spintronic fields, we
consider here only the parallel relative orientation of spin
moments in the leads. In such a configuration, one finds
Γ↑(↓) = Γ(1± p) with Γ ≡ Γ↑ + Γ↓ and p being the spin
polarization of the leads.
Spin-resolved transport properties of the device are de-
termined by the normalized spectral function of the ML,
Aσ(ω) = −ΓσIm
{Grσ(ω)}, where Grσ(ω) is the Fourier
transform of the retarded Green’s function Grσ(t) =
−iθ(t)〈{dˆσ(t), dˆ†σ(0)}〉. This allows us to find the linear-
response conductance between the two ferromagnets,
G = G↑ +G↓, with
Gσ =
e2
h
∫
dω
[
− ∂f(ω)
∂ω
]
Aσ(ω), (7)
where f(ω) is the Fermi function. The spectral function
together with other averaged relevant quantities are ob-
tained with the aid of the NRG method [34, 40]. We use
the discretization parameter 3 ≤ Λ ≤ 4 and keep at least
N = 3000 states at each iteration. The conductance and
expectation values are calculated directly from discrete
NRG data. The spectral functions are obtained using the
z-averaging trick [41] with two discretization meshes.
III. QUADRUPOLAR SPINTRONIC FIELD
Generally, 〈Sz〉 6= 0 implies that a (large) spin is sub-
ject to a magnetic field, either real (externally applied) or
spintronic one, while 〈Qzz〉 6= 0 indicates the presence of
an uniaxial magnetic anisotropy, regardless of its origin.
Since the main focus is here on the quadrupolar field, we
assume henceforth that the molecular level is electrically
tuned to the particle-hole symmetry point (ε = −U/2),
where the dipolar field disappears and 〈Sz〉 = 0 [13].
In Fig. 2(a) we show for a model molecule with
S = 3/2 (i.e., Sc = 1) how 〈Qzz〉 evolves when shift-
ing between the regimes of weak (À) and strong (Â)
tunnel coupling Γ. For p = 0, the SU(2) spin symme-
try guarantees 〈Qzz〉 = 0. However, as soon as p 6= 0,
the quadrupolar spintronic field (D < 0) becomes ac-
tive and the ground-state doublet |±Sz〉 gets stabilized
due to the onset of the energy barrier ∆E = (2S − 1)|D|
for spin reversal, see Fig. 1(a). It can be seen that
〈Qzz〉 saturates to two different values for |D|  T :
〈Qzz〉 → S(2S − 1)/3 = 1 in the intermediate tunnel-
coupling regime (Á), and 〈Qzz〉 → Sc(2Sc − 1)/3 = 1/3
in the strong coupling regime (Â). The reduction
of 〈Qzz〉 in the latter case stems from the arrival of
the Kondo correlations, which manifest through unitary
conductance through the device, see the solid line in
Fig. 2(c). In the Kondo effect the molecular level spin sˆ
becomes screened by the conduction electrons of metal-
lic leads [42]. This effectively results in the reduction of
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Figure 2. (a) Spin-quadrupole moment 〈Qzz〉 for a molecule
of spin S = 3/2 plotted as a function of tunnel coupling Γ
for ΓS = 0 and several spin polarizations p of the leads.
(b) 〈Qzz〉 shown for different values of ΓS indicated in (d) and
p = 0.5. Panels (c) and (d) present the linear-response con-
ductance G (normalized to G0 ≡ 2e2/h) and the spin polar-
ization of transported electrons γ, respectively, which corre-
spond to curves shown in (b). Other parameters: U/W = 0.5,
J/U = 10−3 and T/U = 10−10.
the total spin of the molecule to S → Sc, which yields
〈Qzz〉 = 1/3. Note that for S = 1 considered in Ref. [18],
Sc = 1/2 so that the molecule is never anisotropic in the
Kondo regime. Conversely, for S ≥ 3/2 the magnetic core
of the molecule remains anisotropic in the Kondo regime
(Â), leading to finite 〈Qzz〉, clearly visible in Fig. 2(a).
However, due to the screening of the molecular level spin,
it is difficult to address and measure the spin state of the
molecule’s core by means of only transport spectroscopy
of the ML.
The three regimes of tunnel-coupling visible in
Fig. 2(a) persist for a wide range of spin polarizations p
of the leads. Indeed, already for p = 0.01 a narrow
range of 〈Qzz〉 = 1 for intermediate couplings Á can
be observed—meaning that a high spin polarization of
a ferromagnet is not a necessity for generating spin-
tronic anisotropy. For larger spin polarizations this re-
gion broadens quickly at the expense of the weak coupling
region À, due to a quadratic dependence of the induced
anisotropyD on p, D ∝ p2Γ2 [18]. It also expands against
the regime of strong coupling Â as the Kondo temper-
ature decreases with raising the spin polarization of the
ferromagnets [13]. The latter mechanism is, however, ef-
ficient mainly for very large spin polarization, see the line
for p = 0.99 in Fig. 2(a).
4Another hallmark feature of the quadrupolar field is
the enhanced spin-filtering of electrons tunneling through
the device, quantified by the conductance spin polariza-
tion,
γ =
G↑ −G↓
G↑ +G↓
, (8)
see solid line in Fig. 2(d). Finite spin polarization
is related to the suppression of electron-tunneling-
induced spin-exchange processes involving the axial spin
states |±Sz〉. Analyzing how γ depends on Γ, one can
identify crossovers between all three coupling regimes,
with γ → 0 indicating the onset of the Kondo effect where
the conductance reaches unitary limit in both spin chan-
nels.
IV. THE SIGNIFICANCE OF THE
SUPERCONDUCTOR
The situation changes substantially if the molecule be-
comes proximized by superconductor (ΓS 6= 0), cf. solid
and dashed curves in Figs. 2(b)-(d). First of all, one
observes that for finite coupling to superconductor the
quadrupolar field sets in already at a much weaker tun-
nel coupling to ferromagnetic leads, i.e., for values of Γ
few orders of magnitude smaller as compared to the case
of ΓS = 0, see Fig. 2(b). Then, at some critical value of
ΓS, Γ
∗
S/U = 0.5005, the three different coupling regimes
cease to be visible in 〈Qzz〉(Γ), and 〈Qzz〉 ≈ 1/3 in the
full range of Γ. For yet larger ΓS, ΓS > Γ
∗
S, only two dis-
tinctive regimes emerge: The first one (for small values
of Γ), when the molecule is practically spin-isotropic with
〈Qzz〉 = 0, and the second regime (for larger values of Γ),
when magnetic anisotropy appears, but 〈Qzz〉 does not
exceed 1/3, see Fig. 2(b).
In order to understand this behavior, let us first dis-
cuss qualitatively what are the consequences of coupling
of the molecule to the superconducting lead (even in the
absence of the ferromagnetic one). As already explained
in Sec. II, the system under consideration can be de-
scribed by the proximized molecule Hamiltonian given in
Eq. (4). It can be diagonalized exactly, which is done
in Appendix A. By comparing Eq. (A2) with Eq. (A7)
one can clearly conclude that the proximization of the
molecule by a superconductor leads to the splitting of
excited states energies and consequently to a decrease of
the excitation energy to the relevant states of different
charge parity—note that for ΓS 6= 0 the charge itself is
not a good quantum number. Importantly, such a de-
crease of the excitation energies can also be understood
intuitively as an effective reduction of the Coulomb re-
pulsion by the superconducting correlations, which oc-
curs due to mixing of empty and doubly occupied states
of the molecular level. As a result, by reducing the ex-
citation energy, the coupling to superconductor tends to
enhance the charge fluctuations of the molecule.
On the other hand, it is important to recall that
the spintronic anisotropy is generated by ferromagnetic-
proximity effect due to spin-resolved charge fluctuations
between the molecule and ferromagnets. Specifically, the
quadrupolar field can be understood perturbatively (in
the second order in pΓ; for detailed discussion see [18])
as the consequence of correlated charge fluctuations. For
this reason, the enhancement of the letter due to the
superconductor proximity implies that one should also
expect the boost in the magnitude of the quadrupolar
field. What makes this boost huge is, however, the ex-
istence of the (approximate) critical point, at which the
relevant excitation energy vanishes, and thus, the effect
of enhancing the spintronic anisotropy is driven to its
extreme.
To be precise, the SC-proximized molecule isolated
from normal leads experiences a quantum phase tran-
sition driven by increase of ΓS at Γ
∗
S = (U + JSc)/2,
2
which is analogous to that predicted for single [33, 43]
or double quantum dots [44, 45]. Then, the ground
spin-multiplet changes from S = 3/2 with oddly occu-
pied level of the molecule, for ΓS < Γ
∗
S, to two spin-
triplets (S = 1), with the even occupation of ML, for
ΓS > Γ
∗
S—implying the reduction of the molecule’s spin
to S = Sc. This phenomenon, known as Yu-Shiba-
Rusinov (YSR) screening [28], explains the absence of
the regime with 〈Qzz〉 = 1 in Fig. 2(b) and the complete
suppression of the spin-filtering effect visible in Fig. 2(d)
for ΓS/U = 0.51, see also Appendix A 2. Importantly,
note that this is not the Kondo screening, so that the
strong tunnel-coupling regime for ΓS > Γ
∗
S does not cor-
respond to the Kondo regime anymore.
In the vicinity of the critical point, even very small val-
ues of the coupling Γ to the normal leads allow for excita-
tions between the two spin-multiplets. For ΓS = Γ
∗
S, this
results in induced anisotropy in the full tunnel-coupling
range [see double-dotted line in Fig. 2(b)], and a residual
spin-polarized conductance in the weak tunnel-coupling
regime [Figs. 2(c)-2(d)]. As long as ΓS < Γ
∗
S, a resonance
appears in the conductance whenever Γ becomes of the
order of Γ∗S − ΓS, see Fig. 2(c). More precisely, this reso-
nance starts forming when the broadening of molecule’s
energy levels becomes smaller than the excitation en-
ergy between the even and odd ML occupation states,
Γ . Γ∗S − ΓS. Then, the system enters the Kondo regime,
which is visible as an enhanced conductance through the
system. However, the conductance quickly drops again
with lowering Γ due to exponential dependence of the
Kondo temperature TK on Γ and the fact that the ac-
tual temperature T used in Fig. 2, albeit finite, is very
small. Thus, once TK < T , the conductance becomes
suppressed with decreasing Γ, which is a direct mani-
festation of the Coulomb blockade effect. Clearly, the
2 For parameters used in Fig. 2 one finds Γ∗S/U = 0.5005; see also
Appendix A for further explanation.
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Figure 3. Dependence of (a) normalized conductance G/G0
and (b) spin-quadrupole moment 〈Qzz〉 on the coupling ΓS,
representing the SC-proximity effect on the molecule, for se-
lected values of the tunnel coupling Γ. Other parameters as
in Fig. 2.
Kondo peak does not arise for ΓS ≥ Γ∗S, since after cross-
ing the parity-changing transition the molecule is in the
YSR-screened ground state.
This phase transition is sharp only in the limit of van-
ishing coupling to normal contacts Γ→ 0, and becomes
a smeared crossover for finite Γ [33]—observe the in-
creasing width of the corresponding resonance in G(ΓS)
at ΓS ≈ Γ∗S in Fig. 3(a). Moreover, as can be seen in
Fig. 3(a), Γ∗S gets diminished for larger Γ, which explains
the suppression of conductance spin polarization γ for ΓS
equal to Γ∗S = 0.5005U in the strong coupling regime, see
the double-dotted line in Fig. 2(d).
Finally, providing complementary information to G,
also 〈Qzz〉 is the convenient quantity for describing
the critical behavior of the system, see Fig. 3(b). The
quadrupolar moment changes abruptly at the transi-
tion point for small values of the coupling Γ, dropping
from 〈Qzz〉 = 1 (characteristic of S = 3/2 and D < 0) to
〈Qzz〉 = 1/3 (typical for S = 1) at ΓS = Γ∗S. On the other
hand, for ΓS > Γ
∗
S, 〈Qzz〉 can decrease yet further owing
to the suppression of the magnetic core anisotropy in the
YSR-screened phase. Still, relatively strong coupling to
ferromagnetic contacts allows the molecular core to re-
main anisotropic even deep in the YSR phase, similar to
the Kondo phase for ΓS < Γ
∗
S, see the dot-dashed curve
in Fig. 3(b).
V. SPECTRAL SIGNATURES OF THE
SC-PROXIMITY
In experiments, the quadrupolar spintronic field can
be accessed indirectly via transport measurements of the
spectral properties of a device [46]. Particularly, as men-
tioned above, this field leads to the occurrence of an ex-
citation gap ∆E between the ground-state doublet |±Sz〉
and the first excited doublet |±Sz ∓ 1〉, see Fig. 1(a).
This excitation gap manifests itself as a pronounced step
in the spectral function A(ω), see Fig. 4(a). It is evident
1
1.1
1.2
1.3
1.4
10−10 10−8 10−6 10−4
0
0.1
0.2
0.3
0.4
10−5 10−4 10−3 10−2 10−1 100
10−10
10−9
10−8
10−7
10−6
10−5
10−5 10−4 10−3 10−2 10−1 100
A(ω)/A0
ω/U
(a) Γ/U =10
−3
∆A/A0
∆E
∆A/A0
Γ/U
(c)
Γ/
U
=
10
−
3
∆E/U
Γ/U
(b)
Γ/U =10−3
ΓS/U
0
0.4
0.49
0.5
Figure 4. (a) Spectral functionA(ω) [scaled byA0≡A(ω=0)]
shown as a function of energy ω for selected values of ΓS [given
in (b)] and Γ/U = 10−3. All spectral functions are symmetric
with respect to ω = 0. (b) Evolution of the excitation gap ∆E
with Γ (note a log-log scale). Points represent ∆E estimated
from the inflection point of the step in A(ω) [as, for example,
indicated in (a)], whereas lines correspond to ∆E obtained
using a complementary theoretical method based on the anal-
ysis of 〈Qzz〉; see Appendix C. The resolution limit for ∆E is
set here by thermal energy T . (c) The height ∆A/A0 of the
step in A(ω)/A0 used for estimating ∆E in (b) plotted as a
function of Γ. All other parameters as in Fig. 2.
that the gap becomes larger by orders of magnitude as ΓS
increases from ΓS = 0 to its critical value Γ
∗
S. Then, in
the vicinity of the critical point, the step in A(ω) be-
comes indistinguishable because the molecule is almost
fully conducting, i.e., A0 ≡ A(ω = 0) ≈ 2, with 2 signify-
ing two spin transport channels. Moreover, for ΓS > Γ
∗
S,
the YSR screening becomes important and magnetic
anisotropy is suppressed.
To investigate the dependence of the induced gap ∆E
on the strength of pairing correlations ΓS in a wide range
of Γ, we estimate ∆E from the inflection point of the step
in A(ω), as schematically illustrated in Fig. 4(a). The
result is plotted as points in Fig. 4(b), with the relative
hight ∆A of corresponding steps used in calculations [see
Fig. 4(a)] shown in Fig. 4(c). One observes that ∆E—
and thus, the spintronic anisotropy—can be enhanced by
a few orders of magnitude by proximizing the molecule
with a superconductor. To corroborate this finding, in
Fig. 4(b) we also present results for ∆E (lines) derived
with another method that does not resort to the anal-
ysis of spectral features. Specifically, in this theoretical
approach, one seeks for some hypothetical component of
6magnetic anisotropy D˜ > 0 one would need to add to
compensate the quadrupolar spintronic field D < 0. It
corresponds to numerically (by means of NRG) finding D˜
from the condition 〈Qzz〉(D˜) = 0, and ∆E = (2S − 1)D˜;
see Appendix C for details of this method. The results
obtained with these two methods agree. In fact, with
the latter approach one can address the large-Γ regime
where electronic transport is dominated by Kondo fluc-
tuations, so that the examination of the step in A(ω)
becomes impossible, see Fig. 4(c).
The mechanism leading to the enhancement of spin-
tronic anisotropy by proximity effect is associated with
a strong renormalization of Coulomb correlations in the
molecule, as explained in Sec. IV. Strong coupling to
superconductor mixes the empty and doubly occupied
states, increasing the charge fluctuations responsible for
the development of ∆E . These fluctuations grow with
increasing Γ, resulting in Γ2-dependence of the induced
anisotropy, which is clearly visible in the weak and inter-
mediate coupling regimes. However, when with augment-
ing Γ the Kondo effect sets in, the ∆E ∼ p2Γ2 dependence
is no longer valid and ∆E starts decreasing with further
increase of Γ. Finally, the asymptotic behavior of ∆E(Γ)
for Γ/U → 1 is the same regardless of ΓS, see Fig. 4(b),
since tunnel broadening of all molecular states is so large
that all states become strongly hybridized.
VI. DIFFERENT VALUES OF MAGNETIC
MOLECULE SPIN
Up to this point we considered a hypothetical molecule
characterized by the total spin of S = 3/2. In the case
of the ferromagnetic exchange coupling J within the
molecule, see Eq. (4), and the ML occupied by a sin-
gle electron, such magnitude of the total spin is observed
for the spin of the magnetic core of the molecule equal
to Sc = 1. In this section we discuss the influence of the
value of Sc on the presented results and, in particular,
on the induced magnetic anisotropy.
First of all, the effect of magnetic anisotropy reveals
itself only if S > 1, and thus, we consider only Sc > 1/2.
Furthermore, S = Sc + 1/2 is not valid in all the cou-
pling regimes. This has been discussed in the context of
Fig. 2(b) and is clearly visible also in Fig. 5(a), where
the expectation value 〈Qzz〉 as a function of the tunnel-
coupling Γ is presented for different values of the mag-
netic core spin Sc and the strength of pairing correlations
described by ΓS. Let us first discuss the set of curves
for ΓS = 0. Evidently, one observes 〈Qzz〉 → 0 in the
limit where the tunnel-coupling is small and it increases
to its maximal value, 〈Qzz〉 = S2z − S(S + 1)/3, in the in-
termediate tunnel-coupling regime, where Sz = ±S and
S = Sc + 1/2. By further augmenting Γ, the onset of the
Kondo screening in the strong tunnel-coupling regime
becomes eventually unavoidable, and it leads to reduc-
tion of the effective spin of the molecule to S = Sc.
Moreover, as discussed in Sec. IV, the increase of ΓS
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Figure 5. Extension of Fig. 2(b)-(d) to different values of the
magnetic-core spin Sc. (a) Spin-quadrupole moment 〈Qzz〉
plotted as a function of Γ for different values of ΓS (differ-
ent colors) and Sc (different styles of dashing). Panels (b)
and (c) present the linear-response conductance G (as pre-
viously normalized to G0 ≡ 2e2/h) and the spin polarization
of transported electrons γ, respectively, which correspond to
curves shown in (a). Other parameters as in Fig. 2.
drives a transition to the evenly-occupied ML state at
ΓS = Γ
∗
S ≡ (U + ScJ)/2, which also results in effective re-
duction of the molecule’s spin to S = Sc. For this reason,
it becomes clear that Sc = 1 is the smallest possible value
of Sc which guarantees that the effects associated with
finite magnetic anisotropy should be expected to arise
in all the considered regimes of the coupling strength to
ferromagnetic leads Γ.
In general, as one can see in Fig. 5, the behavior of the
system with increasing ΓS toward the critical value Γ
∗
S
for different values of Sc is quantitatively the same as for
the case of Sc = 1 studied so far. Still, for a given value
of ΓS close to Γ
∗
S, one can observe some large quantita-
tive differences, visible especially in the position of the
resonance in the conductance that is associated with the
excitation energy between the oddly and evenly occupied-
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Fig. 4.
ML states, see in particular curves for ΓS/U = 0.5 in
Fig. 5(b). The shift of this position stems from the de-
pendence of the critical point Γ∗S on Sc (see Appendix A
for details). Finally, worthy of note is that the spin po-
larization of transported electrons, γ, does not depend
significantly on Sc in the limit of Γ → 0, except at the
critical point ΓS = Γ
∗
S. This is illustrated in Fig. 5(c).
The most important point concerning the spin of the
molecule is the lack of increase of the energy barrier with
increasing S. Even though one could naively expect the
relation ∆E = (2S − 1)|D| to hold at least for relatively
small S, in Figs. 6(a)-(b) it is clearly visible that such
a dependence is rather very weak. On the contrary, the
energy barrier seems to be hardly affected by changing S,
cf. Fig. S-9 in Supplementary Information of Ref. [18].
Moreover, in the vicinity of the critical point, where the
superconductor proximity boosts the induced anisotropy
most effectively, the energy barrier ∆E appears to be de-
creasing for larger values of S, see the gray curves in
Fig. 6(b). This effect is caused by the fact that the dis-
tance from the critical point, δΓS ≡ Γ∗S − ΓS, is decisive
for obtaining the highest anisotropy. Since Γ∗S increases
with Sc, the largest possible value of the molecular spin S
is not necessarily desired for applications, unless arbitrar-
ily large coupling strengths ΓS are within reach. A similar
conclusion can be drawn from the analysis of Fig. 6(c),
presenting the height of the step in the spectral func-
tion A(ω) for different values of Sc. Clearly, the step is
the highest for Sc = 1/2 and diminishes with increasing
Sc, which means that large Sc is not necessarily the right
choice for experiment or applications.
VII. RESULTS FOR FINITE INTRINSIC
ANISOTROPY
In this last section we address the effects occurring
due to the presence of finite intrinsic magnetic anisotropy
(D0 6= 0), Hˆmol 7→ Hˆmol +D0Sˆ2z ; see Appendix A for de-
tails. Specifically, our goal is to analyze here additional
effects that originate from the interplay between the in-
trinsic (D0) and spintronic (Dspin) components of mag-
netic anisotropy. We note that the key results presented
in the previous sections remain qualitatively valid also
for finite D0. We begin the discussion with the analysis
of the case when there is no superconductor proximizing
the molecule (ΓS = 0), and in the next step we also take
into consideration the superconductor-proximity effects.
A. Influence of intrinsic magnetic anisotropy
(D0 6= 0) for ΓS = 0
The occurrence of magnetic anisotropy in a large-
spin molecule manifests clearly in the dependence of
the expectation value of the z-component of the spin-
quadrupole moment tensor 〈Qzz〉, Eq. (2), on the tunnel-
coupling strength Γ, as presented in Fig. 7(a). One
can see in this figure that, unlike for D0 = 0, in the
weak tunnel-coupling limit 〈Qzz〉 > 0 for D0 < 0, while
〈Qzz〉 < 0 for D0 > 0. In the case of intrinsic mag-
netic anisotropy of the ‘easy-axis’ type (D0 < 0)—i.e.,
when the ground-state spin-doublet |±(Sc + 1/2),−〉 is
energetically preferable, see Appendix A—one expects
that the anisotropic regime should persists also for small
tunnel-couplings if only ∆E  T with no other qualita-
tive consequences, which can be observed in Fig. 7. On
the contrary, for D0 > 0 the competition between the in-
trinsic and spintronic components of magnetic anisotropy
becomes apparent. This competition arises as a conse-
quence of the fact that Dspin < 0, which basically means
that the sign of the total effective magnetic anisotropy
constant D = D0 +Dspin can be tunned by changing Γ.
We note that for a half-integer total spin of a molecule S
(as considered here), positive D implies that the two-
fold degenerate ground state of a minimal z-component
of spin, |±1/2,−〉, is favored. Such a doublet is in
fact spin-isotropic, that is, there is no energy barrier (in
the absence of magnetic field) for switching between the
states of the doublet. As a result, the shrinkage or even
complete suppression [see the curve for D0/U = 10
−4 in
Fig. 7(a)] of the anisotropic regime becomes visible when-
ever D0 > |Dspin|. Moreover, if D0  |Dspin|, the Kondo
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Figure 7. Generalization of Fig. 2(c)-(d) for ΓS = 0 and
p = 0.5 to different values of intrinsic magnetic anisotropy of
the molecule, D0. (a) Spin-quadrupole moment 〈Qzz〉 plot-
ted as a function of Γ for different values of D0. Panel (b)
presents the spin polarization of transported electrons γ, cor-
responding to curves shown in (a). Inset in (b) shows the
linear-response conductance G (normalized to G0 ≡ 2e2/h)
as a function of Γ. Other parameters as in Fig. 2.
spin-exchange processes within the ground-state doublet
get enhanced, which leads to an increase of the Kondo
temperature TK. This behavior can be observed as a
shift of the cross-over value of the coupling strength Γ
where the strong-coupling (Kondo) regime sets in to-
wards smaller values, which is clearly visible in the de-
pendence of the linear response conductance on Γ for
D0/U = 10
−4 presented in the inset of Fig. 7(b). Inter-
estingly, these effects may be used to tailor the range
of the anisotropic regime to a desired width, while the
proximity effect of the superconductor can shift it to the
desired position.
In principle, the total anisotropy D can be predicted
assuming that the dependence of the quadrupolar spin-
tronic exchange field Dspin on the intrinsic magnetic
anisotropy D0 is negligible, i.e., the induced anisotropy
does not depend on the intrinsic one. Figure 8 presents
how the position of the step in the spectral density of
ML corresponding to spin-reversal excitations depends
on the tunnel-coupling strength Γ. Clearly, for small Γ,
when Dspin ∼ Γ2  D0, the value of |D| = ∆E/(2S − 1)
is in practice entirely determined by D0. Then, for
D0 < 0, the estimated value of D increases continu-
ously and practically merges with D0 = 0 curve, if only
|D0|  ∆E(D0 =0). For larger values of |D0|, the influ-
ence of intrinsic magnetic anisotropy is visible as an ad-
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Figure 8. Generalization of Fig. 4(b) for ΓS = 0 to different
values of intrinsic magnetic anisotropy of the molecule, D0.
All other parameters as in Fig. 4.
ditional increase of the energy barrier ∆E ; see the curve
for D0/U = 10
−6 in Fig. 8.
The situation is qualitatively different for D0 > 0,
when the intrinsic (D0) and spintronic (Dspin) con-
tributions to magnetic anisotropy have the opposite
sign. For small values of Γ, that is, if Γ < Γ∗
with the critical value Γ∗ defined via the relation
Dspin(Γ
∗) = −D0, the behavior of the system is deter-
mined mainly by D0. Then, as discussed above, the
ground-state doublet is |±1/2,−〉, and the excitation en-
ergy ∆E corresponds to the leading transitions to the
excited doublet |±3/2,−〉. As the tunnel coupling Γ
grows and approaches its critical value Γ∗, this excita-
tion energy gets diminished, and then completely sup-
pressed at Γ = Γ∗, which means that the molecule be-
comes effectively spin-isotropic, with all states |Sz,−〉
(for Sz = −Sc − 1/2,−Sc + 1/2, . . . , Sc − 1/2, Sc + 1/2)
being degenerate at this point. Then, for even larger Γ,
Γ > Γ∗, the spintronic contribution Dspin starts dom-
inating over the intrinsic component D0 of magnetic
anisotropy, and the spin doublet |±(Sc + 1/2),−〉 (or to
be precise, |±3/2,−〉 for Sc = 1) becomes restored as
the ground state, with the energy barrier ∆E growing
quadratically with Γ.
B. Superconducting proximity effect (ΓS 6= 0) for
finite D0
The superconducting proximity effect for finite D0 can
be well understood by assuming that also for finite ΓS the
induced anisotropy Dspin is independent of D0. In partic-
ular, the shift of the anisotropic regime towards smaller
values of the tunnel-coupling Γ, visible in Fig. 2(b), still
takes place for finite D0, retaining the properties dis-
cussed in Sec. VII A. Similar behavior is also reflected
in the spectral properties, which is illustrated in Fig. 9.
As expected, for all considered values of ΓS, the posi-
tion of the characteristic step in the ML spectral func-
tion remains fixed for D0 < 0 in the weak tunnel-coupling
limit and tends to shift only when Γ is in the interme-
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Figure 9. Analogous to Fig. 4(b), but now plotted also for se-
lected values of the intrinsic magnetic anisotropy constant D0.
Note that fine-dashed lines serve as reference lines, since they
correspond to the results for D0 = 0 shown in Fig. 4(b). All
other parameters as in Fig. 4.
diate regime, where |Dspin| & |D0|. For D0 > 0 the sit-
uation is similar, although for some critical value of the
tunnel-coupling strength Γ = Γ∗ one gets Dspin = −D0,
so that the magnetic anisotropy is effectively removed
and the step in the spectral function vanishes. More-
over, it is clear that due to the enhancement of Dspin
by orders of magnitude by the superconducting proxim-
ity effect (ΓS 6= 0), the condition Dspin = −D0 can be
fulfilled already for much smaller values of Γ. This cor-
roborates the conclusion, that the induced spintronically
magnetic anisotropy Dspin is in essence independent of
D0 and the analysis of the spintronic contribution per-
formed in the previous sections remains valid also for
spin-anisotropic molecules, with the values of the total
magnetic anisotropy D being shifted by D0.
VIII. CONCLUSIONS
In this paper we have analyzed the interplay of the
ferromagnetic and superconducting contact-generated
proximity effects on the transport properties of large-
spin molecules. Employing the density-matrix numer-
ical renormalization group method allowed us to ob-
tain accurate predictions for the transport behavior of
the considered molecular junction and, in particular,
for the spintronically-induced magnetic anisotropy. We
have shown that the proximity of superconductor can
greatly increase the spintronic anisotropy in the regime
of weak and intermediate tunnel coupling to the normal
leads. This effect is particularly strong in the vicinity
of the parity-changing transition of the superconductor-
proximized molecule, resulting in a giant (by several or-
ders of magnitude) enhancement of magnetic anisotropy.
The mechanism responsible for such spectacular rein-
forcement of the spintronic anisotropy is associated with
strong renormalization of Coulomb correlations in the
molecule due to the superconducting proximity effect.
The spintronic anisotropy is induced by spin-resolved
charge fluctuations between the molecule and ferromag-
netic contacts. Because strong pairing correlations tend
to lower the Coulomb interactions in the molecule, these
charge fluctuations become enhanced, which effectively
gives rise to a large increase of the generated anisotropy.
On the other hand, when the molecule crosses the par-
ity changing transition as the superconducting pairing
potential becomes increased further, the molecule enters
the Yu-Shiba-Rusinov screened phase [28] and the effect
of spintronic anisotropy becomes suppressed.
In addition, we have analyzed the spectral features of
the system, which can give access to detailed quantita-
tive information about the induced anisotropy. We have
shown that its presence is revealed as a step in the local
density of states of the molecule, which provides means
for experimental exploration of the discussed phenom-
ena. It is also important to note that the signatures
of the induced spintronic anisotropy are robust against
slight changes of the parameters. In particular, it re-
mains crucial that the molecular level is at the particle-
hole symmetry point, however, slight detuning from this
point, especially when the superconducting pairing corre-
lations are relatively large, should not alter the discussed
phenomena.
Our analysis sheds new light on the behavior of hybrid
molecular junctions, especially, on the interplay of the
superconducting and ferromagnetic proximity effects and
its signatures in transport properties. We believe that,
by providing new means for manipulating properties of
large-spin molecules, this work shall foster further theo-
retical and experimental efforts to investigate unexplored
spintronic aspects of the proximity-induced pairing.
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Appendix A:
Superconductor-proximized molecule spectrum
In this appendix we analyze the eigenstates and eigen-
values of a molecule proximized by a superconduct-
ing electrode, ΓS > 0, yet decoupled from ferromagnetic
leads, Γ = 0. Furthermore, we consider here a more gen-
eral form of the Hamiltonian Hˆmol for a superconductor-
proximized molecule, Eq. (4), that involves also the effect
of intrinsic uniaxial magnetic anisotropy of the molecule.
This effect is captured by adding a new term D0Qˆzz
to Hˆmol, with D0 standing for the anisotropy constant
and Qˆzz defined in Eq. (2). Recall from the main text
that the total spin of the molecule, Sˆ = Sˆc + sˆ, is com-
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posed of the core spin Sˆc and the spin sˆ of an electron
residing in the molecular level (ML). As a result, the
molecular Hamiltonian reads now as
Hˆ′mol = Hˆmol +D0Sˆ2z , (A1)
with Hˆmol given by Eq. (4). Note that for conceptual
simplicity of the further discussion, in the equation above
we have dropped the constant term C = −D0S(S + 1)/3.
In fact, the value of C is a function of the total spin
of the molecule, which depends also on its charge state.
However, as long as only the two charge states of lowest
energies are relevant for the physics of the system and the
spin of the ground state is well-defined, i.e. at T  J, U ,
the only consequence of C dependence on S is a small
renormalization of U (of the order of D0). Thus, it seems
justified to neglect the constant term under discussion.
The additional anisotropy term in Eq. (A1) will prove
helpful in qualitative understanding of the physics be-
hind the transition between two different ground states
which the molecule undergoes at some critical value Γ∗S.
As was shown in Sec. VII, its inclusion does not affect
qualitatively the key results discussed in the main text.
1. Exact eigenstates and eigenvalues
First of all, note that, since ferromagnetic leads are
assumed here to be decoupled from the molecule, the
spintronic anisotropy does not occur in the following de-
scription.
Despite its complex form, the Hamiltonian (A1) can
still be solved exactly. For this purpose, let us introduce
the suitable basis of the Hilbert space consisting of prod-
uct states |core〉 ⊗ |ML〉. Here, the state of magnetic
core is determined by the z-component of its spin Sˆc,
|core〉 ≡ |Sc,z〉. On the other hand, the state of the molec-
ular orbital (ML) is described by its occupation, that is,
|ML〉 ∈ {0, ↑, ↓, 2}, with 0 (2) representing the unoccu-
pied (doubly occupied) orbital and σ =↑, ↓ correspond-
ing to the case of the orbital being occupied by a single
electron with spin σ. Next, it is easy to observe that
the z-component of the total spin, Sz, and the parity of
the ML occupation, α (defined as α = 1 for even- and
α = −1 for odd-parity states), are conserved quantities,
and thus, good quantum numbers to be used for label-
ing the eigenstates. Moreover, the states with different α
are also always characterized by different Sz (being inte-
ger for one parity value and half-integer for the other).
In consequence, the parity index α can be omitted in
the eigenstate label, so that the eigenstates of Hamilto-
nian (A1) are denoted as |Sz, r〉, with r indexing states
within a given Sz subspace. For J > 0, the possible val-
ues of Sz for the ground-state spin multiplet are in the
range from −Sc − 1/2 to Sc + 1/2. As long as |Sz| 6 Sc,
all the Sz subspaces are two-dimensional. Below we first
obtain the egienenergies and eigenstates for the situation
of the even occupation of ML, and next we proceed to
the case of the ML occupied by a single electron.
a. The even occupation of ML (i.e. for |ML〉 ∈ {0, 2}
and Sz = Sc,z)—In such a case, the ML spin is s = 0 and
the term proportional to J in Eq. (A1) does not con-
tribute. It basically means that states with different val-
ues of Sz are not mixed, and the two-dimensional Hamil-
tonian matrix for a given Sz can be easily diagonalized,
which yields the egienenergies
ESz,a = ε+ U/2 +D0S2z +
√
Γ2S + (U/2 + ε)
2, (A2a)
ESz,b = ε+ U/2 +D0S2z −
√
Γ2S + (U/2 + ε)
2, (A2b)
and the corresponding eigenstates
|Sz, a〉 =
√
1− γeven
2
|Sz〉⊗|0〉
−
√
1 + γeven
2
|Sz〉⊗|2〉 , (A3a)
|Sz,b〉 =
√
1 + γeven
2
|Sz〉⊗|0〉
+
√
1− γeven
2
|Sz〉⊗|2〉 , (A3b)
with the coefficient γeven defined as
γeven =
ε+ U/2√
Γ2S + (ε+ U/2)
2
. (A4)
b. The odd occupation of ML (i.e. for |ML〉 ∈ {↑, ↓}
and |Sz − Sc,z| = 1/2)—First of all, a pair of states cor-
responding to maximal value of |Sz| = Sc + 1/2, namely,
|Sz = ±(Sc + 1/2),−〉 = |±Sc〉 ⊗ |↑(↓)〉 (A5)
are trivial eigenstates with eigenenergies
ESz=±(Sc+1/2),− = ε− JSc/2 +D0S2z . (A6)
The reason to take the auxiliary index r = − will be-
come clear towards the end of this section. The solution
of Hˆmol in the remaining subspaces reads
ESz,+ = ε+ J(Sc + 1)/2 +D0S2z , (A7a)
ESz,− = ε+ JSc/2 +D0S2z , (A7b)
for eigenenergies, and
|Sz,±〉 = 1√
2
(√
1∓ γodd(Sz) |Sz − 1/2〉 ⊗ |↑〉
∓
√
1± γodd(Sz) |Sz + 1/2〉 ⊗ |↓〉
)
, (A8)
for eigenstates, with the coefficient γodd(Sz) given by
γodd(Sz) = Sz
Sc + 1/2
. (A9)
We note that the states denoted in Eq. (A8) as
|Sz,−〉 correspond to components of the spin multi-
plet S = Sc + 1/2, while those represented as |Sz,+〉
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Figure 10. The energies of the Andreev bound states ∆EABSa(b)
[see Eq. (A11)] presented as a function of the coupling
strength ΓS of the molecule to the superconductor in the case
of the ferromagnetic exchange coupling between spins of the
ML and the magnetic core of the molecule. Parameters used:
Sc = 1, δ/U = 0.1, J/U = 10
−3 and D0 = 0.
constitute the spin multiplet S = Sc − 1/2. Moreover,
one can notice that Eq. (A6) is formally equivalent to
Eq. (A7b)—justifying our choice of r = − in Eqs. (A5)-
(A6)—which is expected because the spin multiplet
S = Sc + 1/2 should be split only via the term propor-
tional to D0. We also remind that eigenenergies ESz,−
and ESz,+, Eq. (A7), should be understood as the
ground-state energies for the spin multiplet S = Sc + 1/2
(if J > 0) and S = Sc − 1/2 (if J < 0), respectively. In
the limit of non-magnetic leads (p = 0) and for D0 = 0,
as considered in Fig. 2(a) in the main text, the SU(2)
spin symmetry is recovered and the states in all respec-
tive spin multiplets are degenerate.
Finally, let us point out that the model of the molecule
used in this work, and represented by the Hamilto-
nian Hˆmol, Eq. (A1), differs slightly from that used by
Misiorny et al. in Ref. [18]. The difference concerns the
way how the intrinsic uniaxial magnetic anisotropy is in-
cluded into the model. Specifically, here we assume that
the total spin Sˆ of the molecule is subject to magnetic
anisotropy, while in Ref. [18] only the core spin Sˆc is
affected by magnetic anisotropy.
2. Andreev bound states
Let us begin with the case of ΓS = 0 and the phys-
ically reasonable limit of |D0|  |J |  U . Then, for
|ε+ U/2|  U , the ground state of the molecule corre-
sponds to the ML occupied by a single electron. As in
the main text, we focus on the situation when the ex-
change coupling J arising between the spin of such an
electron and the core spin of the molecule is ferromag-
netic (J > 0), which means that the ground spin mul-
tiplet is characterized by spin S = Sc + 1/2. The rele-
vant excited charge multiplets correspond to empty or
doubly occupied ML, with excitation energies of the or-
der of U/2± δ, where δ = ε+ U/2 is the detuning from
the particle-hole symmetry point—note that δ = 0 in the
main text.
The situation becomes more complex for ΓS > 0, as in
such a case the empty and doubly occupied states of ML
are hybridized due to the proximity of superconductor,
see Eq. (A3). Nevertheless, the two charge multiplets
with the even occupation of ML remain relevant excita-
tions, forming the so-called Andreev bound states. Specif-
ically, at low temperature (T  2Sc|D0|, J), when only
the ground-state spin doublet |±(Sc + 1/2),−〉 is occu-
pied, energies of relevant excitations are defined as
∆EABSa(b) ≡ ESc,a(b) − ESc+1/2,−
= E−Sc,a(b) − E−(Sc+1/2),−, (A10)
which gives
∆EABSa = ∆E +
√
Γ2S + δ
2, (A11a)
∆EABSb = ∆E −
√
Γ2S + δ
2. (A11b)
with
∆E = U/2 + JSc/2 + |D0|(Sc + 1/4). (A12)
Note that there exist also other Andreev bound states,
involving transitions between different excited states [38].
However, they are insignificant for the transport proper-
ties analyzed here and in the main article, so that we do
not discuss them in detail.
In Fig. 10 we show how the energies of the Andreev
bound states evolve as a function of the coupling ΓS
for δ > 0. For ΓS = 0, the two energies correspond to
the excitation energies to empty (∆EABSb ) or doubly oc-
cupied (∆EABSa ) states of ML, which are of the order
of U/2, split by particle-hole asymmetry δ. Additional
spin-related contribution to the splitting occurs also due
to the interaction of the ML spin with the magnetic
core of the molecule, JSc/2, as well as due to magnetic
anisotropy, |D0|(Sc + 1/4). In the proximity of supercon-
ductor, ΓS > 0, the two channels of excitations no longer
correspond to particle or hole processes. On the contrary,
two Andreev bound states are formed, whose energies de-
velop continuously from the values observed at ΓS = 0,
always increasing the splitting as ΓS grows. Note that
the spin-related contribution to the splitting of the two
channels does not depend on ΓS.
Importantly, one can observe in Fig. 10 that the exci-
tation energy associated with the transition denoted by
‘b’ becomes equal to 0 when ΓS is tuned to some critical
value ΓS = Γ
∗
S,
Γ∗S =
√
∆E2 − δ2. (A13)
In fact, Γ∗S is the quantum phase transition point, as the
negative excitation energy essentially means the change
in the ground state—with the new phase for ΓS > Γ
∗
S be-
ing the Yu-Shiba-Rusinov screened (evenly-occupied ML)
phase [28].
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In the case considered in the main text, that is, for
an intrinsically spin-isotropic molecule (D0 = 0) tuned to
the particle-hole symmetry point (δ = 0) and attached
to ferromagnetic leads, the anisotropy constant D0 in
Eq. (A13) should be replaced by the quadrupolar spin-
tronic field D. However, for parameters used there
(J/U = 10−3 and Sc = 1), the contribution to Γ∗S due
to spintronic anisotropy is of the order of |D|/U . 10−6,
and thus, it can be neglected. Consequently, the esti-
mated value of the relevant quantum phase transition
point is
Γ∗S/U ≈ (1 + JSc/U)/2 = 0.5005. (A14)
Finally, to complete this discussion, we note that an
analogous analysis can be conducted also for the case
of the antiferromagnetic exchange coupling between the
ML and core spin, J < 0. Then, the key difference with
respect to the case of J > 0 discussed above is that the
state acting as the ground-state spin doublet for a singly
occupied ML is |±(Sc − 1/2),+〉. As a result, the excita-
tion energies associated with Andreev bound states are
[we introduce tilde to distinguish the J < 0 case from the
J > 0 case in Eqs. (A10)-(A14)]
∆E˜ABSa(b) ≡ ESc,a(b) − ESc−1/2,+
= E−Sc,a(b) − E−(Sc−1/2),+, (A15)
which gives
∆E˜ABSa = ∆E˜ +
√
Γ2S + δ
2, (A16a)
∆E˜ABSb = ∆E˜ −
√
Γ2S + δ
2, (A16b)
with
∆E˜ = U/2 + |J |Sc/2− |D0|(Sc − 1/4). (A17)
Consequently, the critical value of Γ˜∗S takes the following
form
Γ˜∗S =
√
∆E˜2 − δ2. (A18)
Appendix B: Discussion of the spectral function
properties in full range of energies
Figure 11 presents the spectral function of the ML,
A(ω), in the full range of energies ω. Analogously as
Fig. 4(a) in the main text, Fig. 11 illustrates the evolu-
tion of the spectra for different ΓS. However, in order
to resolve better the high-energy features in the spectral
function, here A(ω) is plotted on the logarithmic scale
and without rescaling by A0 ≡ A(ω = 0). We also show
an additional curve for ΓS/U = 0.51, which is not con-
sidered in Fig. 4.
The first observation is that A0 is very small for
ΓS = 0, with A0/U ≈ 10−5. This effect stems from
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ΓS/U = 0.4
ΓS/U = 0.51
ΓS/U = 0.49
ΓS = Γ∗S
ΓS/U = 0.5
Figure 11. Normalized spectral function of the ML, A(ω),
corresponding to Fig. 4(a) but now plotted without scaling
to A0 ≡ A(ω = 0) and in the full range of energies ω. Ar-
rows indicate the expected positions of the step related to ∆E
obtained from the compensation method explained in Ap-
pendix C. Note that, unlike in Fig. 4(a), here A(ω) is shown
on the logarithmic scale. The vertical thin dashed line indi-
cates the maximal range of energies ω presented in Fig. 4(a).
the fact that for the tunnel coupling under consider-
ation, Γ/U = 10−3, temperature used in calculations,
T/U = 10−10, is still larger than the Kondo temperature,
T > TK. Thus, the results obtained for such parameters
at the particle-hole symmetry point (δ = 0) actually cor-
respond to the Coulomb blockade regime. Since the con-
ductance G is determined there by electron cotunneling
processes and it scales as G(Γ) ∝ Γ2, it is small in the
limit of the weak tunnel coupling (i.e., when Γ is small).
On the other hand, the conductance increases when the
cotunneling processes are enhanced, which takes place
when the excitation energies to the states with the even
occupation of the ML diminish—as it happens when in-
creasing ΓS; see Appendix A.
As explained in the main text, there appears a step in
the spectral function localized at ω ≈ ∆E = (2S − 1)|D|,
whose position becomes shifted towards higher energies
as ΓS gets augmented. However, at the same time, the
relative hight of the step becomes diminished to such an
extent that in the vicinity of the critical point, ΓS ≈ Γ∗S,
one cannot distinguish the step any longer; see the curve
for ΓS/U = 0.5 in Fig. 11. Positions of the steps for dif-
ferent ΓS agree with the values of ∆E estimated from
the compensation method described in Appendix C, and
they are indicated in Fig. 11 by the arrows. Note that
even though the compensation method allows for cal-
culating ∆E for arbitrary values of ΓS, no particular
spectral features appear in A(ω) for ΓS & Γ∗S, i.e., close
to or within the Yu-Shiba-Rusinov screened phase. For
this reason, we did not present in Fig. 4 the results for
ΓS > Γ∗S.
Furthermore, in the limit of ΓS  Γ∗S, the spectral
function exhibits also a second step at energies |ω| ≈ J ,
marked by the finely dashed vertical line in Fig. 11.
This step arises naturally in the present model due
to the ferromagnetic exchange coupling J , and it cor-
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responds to transitions between the ground-state dou-
blet |±(Sc + 1/2),−〉 (belonging to the spin multiplet
S = Sc + 1/2) and the doublet |±(Sc − 1/2),+〉 of the
excited multiplet with spin S = Sc − 1/2. For ΓS & Γ∗S,
this step becomes suppressed by charge fluctuations,
which become very efficient close to the critical point Γ∗S,
as explained in the following.
For ΓS = 0, charge fluctuations require very high en-
ergies, ω ≈ U/2, and correspond to the so-called Hub-
bard peak in the spectral density A(ω). However, due to
the proximity of superconductor, ΓS > 0, the excitation
energy associated with charge fluctuations is decreased,
see Eq. (A11b), until it reaches 0 at ΓS = Γ
∗
S, and next
increases again after the new ground state has been es-
tablished. This effect is visible in Fig. 11, where the
position of the Hubbard peak becomes shifted towards
smaller energies with ΓS approaching the critical point
as ω ≈ ∆EABSb (ΓS), and it gets shifted back towards
larger ω for ΓS > Γ
∗
S, as expected from Eq. (A11b). Note,
however, that due to the finite tunnel coupling Γ, the
critical point is slightly shifted from ΓS = Γ
∗
S to a value
smaller by ∼ Γ, cf. Fig. 3. This fact is the reason why the
Hubbard peak for ΓS = Γ
∗
S in Fig. 11 is not positioned
at ω = 0, but approximately at ω/U = Γ/U = 10−3. At
the same time, the excitation energy in the second exci-
tation channel follows ω ≈ |∆EABSa (ΓS)|, increasing with
ΓS according to Eq. (A11a). This can be observed in
Fig. 11 as the second Hubbard peak occurring for ΓS > 0
at ω/U > 1/2.
Appendix C: Compensation method for calculation
of induced anisotropy
As mentioned in the introductory section of the
main text, the effective Hamiltonian describing magnetic
molecule has a general form
Hˆeff = BSˆz +DQˆzz (C1)
with B and D representing magnetic field and magnetic
anisotropy, respectively. While assuming that B = 0,
we focus here on analyzing the role played by finite D,
which can be either of intrinsic (due to spin-orbit inter-
action [8, 12, 47]) or extrinsic (i.e., generated spintron-
ically [18]) origin. As a result, one can in general think
of D as composed of two contributions, D = D0 +Dspin,
with D0 representing the intrinsic contribution [intro-
duced in Eq. (A1)] and Dspin standing for the spin-
tronic contribution, which arises due to the proximity
of ferromagnets. Note that in the main text we consider
mostly the case of an intrinsically spin-isotropic molecule
(D0 = 0), so that D = Dspin. In real systems, D0 is
a property of a particular type of molecule and it can
be either positive or negative, whereas Dspin < 0, since
the second-order electron tunneling processes always de-
crease the energy of the ground state [18].
Importantly, in a system tuned to the particle-hole
symmetry point (δ = 0)—to avoid the occurrence of the
−1
−2/3
0
1/3
1
−10−10−10−8−10−6−10−4 10−10 10−8 10−6 104
〈Qzz〉
D˜/U
S = 1
S = 3/2 p = 0.5
p = 0
Figure 12. Illustration of the compensation method for
calculating the spintronic component of magnetic anisotropy
for two different examples of the spin magnitude: S = 1
(dashed lines) and S = 3/2 (solid lines). Moreover, blue
lines correspond to the case of non-magnetic (p = 0) leads,
whereas the red ones represent the case of ferromagnetic leads
with p = 0.5. Parameters used in calculations: U/W = 0.5,
T/U = 10−10, J/U = 10−3 and Γ/U = 0.01. See Appendix C
for further explanation.
spintronic dipolar field—Dspin can be adjusted in a lim-
ited range by changing the tunnel coupling to ferromag-
netic leads or by varying the spin polarization of the
leads. Thus, one can imagine that in a molecule with
small ‘easy-plane’ magnetic anisotropy (D0 > 0) that is
attached to ferromagnets, it is in principle possible to
compensate D0 by tuning Dspin, so that the molecule
becomes effectively spin-isotropic. This situation corre-
sponds to exact vanishing of the spin-quadrupole mo-
ment, Eq. (2), at all temperatures T , 〈Qzz〉(T ) = 0. On
the other hand, 〈Qzz〉 > 0 indicates the ‘easy-axis’ mag-
netic anisotropy (D < 0), and 〈Qzz〉 < 0 is a hallmark of
the ‘easy-plane’ magnetic anisotropy (D > 0).
Actually, based on the discussion above, we come
up with a particularly convenient approach allow-
ing for theoretical analysis of the induced magnetic
anisotropy Dspin for a given model. Specifically, we treat
the intrinsic component of magnetic anisotropy—in this
context denoted by −D˜—as a parameter that can be
changed in calculations to obtain 〈Qzz〉(D˜). The oppo-
site sign of D˜ reflects its hypothetical character, in con-
trast to a clear physical meaning of D0. Then, Dspin
is equal to D˜ that satisfies the condition 〈Qzz〉(D˜) = 0.
Within such a theoretical framework, which in the main
text we refer to as the compensation method, Dspin has
a precise meaning for any set of model parameters, irre-
spective of its signatures in the local spectral density of
ML.
The working principle of the method under discussion
is illustrated in Fig. 12. To begin with, we first calcu-
late 〈Qzz〉(D˜) in the presence of only normal, metallic
and non-magnetic leads. This case is plotted in Fig. 12
with blue lines: a solid line for S = 3/2, as in the main
text, and, for comparison, with a dashed line for S = 1.
Clearly, for D˜ < 0 and |D˜|  T , i.e., for large positive
14
(‘easy-plane’) hypothetical D0,
〈Qzz〉 = (Sminz )2 −
S(S + 1)
3
< 0 (C2)
for D˜ < 0 and |D˜|  T , where the minimal z-component
of the molecular spin is Sminz = 0 for integer and
Sminz = 1/2 for half-integer value of the spin. At D˜ = 0,
the SU(2) spin symmetry guarantees 〈Qzz〉 = 0, which is
for finite T obtained smoothly with increasing D˜. Fur-
thermore, similar smooth increase is obtained for posi-
tive D˜, until 〈Qzz〉 reaches for D˜  T its maximal value
〈Qzz〉 = S2 − S(S + 1)/3 (C3)
for D˜ > 0 and D˜  T .
The situation changes substantially when the normal
non-magnetic leads become replaced by ferromagnets.
Then, the asymptotic values of 〈Qzz〉(D˜) remain the
same as above, but the zero is shifted to a finite neg-
ative value of D˜. This shift basically corresponds to the
cancellation of the ‘easy-plane’ magnetic anisotropy of
a hypothetical molecule for a given set of p, Γ, J , and
other model parameters. In other words, the molecule
becomes spin-isotropic due to the presence of a spin-
tronic component of magnetic anisotropy, which implies
that the quadrupolar exchange field Dspin is of the ‘easy-
axis’ type (i.e., Dspin < 0, as expected), and its magni-
tude Dspin = D˜ can be determined numerically from the
condition 〈Qzz〉(D˜) = 0.
It is worth emphasizing that the key advantage of the
method for deriving Dspin described above is that Dspin
can also be calculated in this way in the strong-coupling
Kondo regime and in the Yu-Shiba-Rusinov phase, where
the usual spectral signatures of the magnetic anisotropy
are suppressed. Moreover, a direct comparison with the
results obtained from the analysis of the relevant spec-
tral function (see Fig. 4) shows that the compensation
method provides in fact a very accurate tool for calculat-
ing Dspin also in the regime, where it can be effectively
estimated from the ML spectral function. On the other
hand, the main technical disadvantage of the method is
that each point on the 〈Qzz〉(D˜)-plot corresponds to a
separate run of NRG calculation, and for very small D˜
one needs to keep very low T and a large number of states
at each iteration step in order to obtain reliable results.
In practice, this inconvenience can be partially circum-
vented by iteratively increasing the sampling of 〈Qzz〉(D˜)
in the vicinity of the zero, which can significantly reduce
the necessary number of points. Finally, note that a fi-
nite physical D0 by definition only shifts the values of D˜
by a constant, therefore, taking it into account does not
introduce any additional complications.
In order to prove that the compensation method
and the analysis of spectral features in transport in-
deed yield the same results for the spintronic magnetic
anisotropy Dspin, in Fig. 13 we directly compare the rele-
vant spectral densities of ML corresponding to three sit-
uations:
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Figure 13. Comparison of the spectral functions of ML,
A(ω), for a finite spintronic component Dspin to magnetic
anisotropy (shown as solid lines with the same color code as
in Fig. 11) with those for p = 0 (and thus, for Dspin = 0, but
with D0 = −D˜; dashed lines). The arrows indicate ω = D0
for the corresponding curve. Dotted lines present the results
for the spin-anisotropic case (p = 0 and D0 = 0). Other pa-
rameters as in Fig. 11.
(1) A spin-isotropic (D0 = 0) molecule attached to ferro-
magnetic leads characterized by the spin-polarization
coefficient of p = 0.5 (solid lines); D = Dspin can be
estimated as D˜ using the compensation method.
(2) A spin-anisotropic molecule with D0 = D˜ corre-
sponding to the case (1) attached to non-magnetic
leads (i.e., for p = 0), implying that Dspin = 0 and
D = D0 (dashed lines).
(3) The case of p = 0 and D0 = 0 for comparison (dotted
lines).
One can see that for |ω|  D the spectral functions A(ω)
corresponding to (2) and (3) are indistinguishable, while
for (1) they are slightly reduced for |ω|/U < 1/10. This
is a consequence of the proximity of ferromagnetic lead.
The discussion of the spectral features for |ω|  D was
presented in Appendix B. For weak enough ΓS, curves
corresponding to cases (1) and (2) exhibit a step at
ω ≈ ∆E = (2S − 1)|D| and a plateau for lower energies—
both being characteristic signatures of the presence of
magnetic anisotropy. In all cases (i.e., also when the step
for large ΓS is absent) curves for (1) and (2) differ only
by a small rescaling factor due to finite p in (1). This
is yet another prove that the compensation method for
determining Dspin allows for calculation of the physically
relevant quantity and does not lead to non-physical pre-
dictions concerning spectra, even in the regimes where
the spectral signatures indicating magnetic anisotropy
are difficult to recognize.
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